We make a full classification of scalar monomials built of the Riemann curvature tensor up to the quadratic order and of the covariant derivatives of the scalar field up to the third order. From the point of view of the effective field theory, the third or even higher order covariant derivatives of the scalar field are of the same order as the higher curvature terms, and thus should be taken into account. Moreover, higher curvature terms and higher order derivatives of the scalar field are complementary to each other, of which novel ghost-free combinations may exist. We make a systematic classification of all the possible monomials, according to the numbers of Riemann tensor and higher derivatives of the scalar field in each monomial. Complete basis of monomials at each order are derived, of which linear combinations may yield novel ghost-free Lagrangians. We also develop a diagrammatic representation of the monomials, which may help to simplify the analysis. *
I. INTRODUCTION
Scalar-tensor theory is extensively studied in the past few decades as one of the main theories of modification of gravity. In particular, much effort has been made to introduce higher derivatives of the scalar field without the Ostrogradsky ghost(s) [1] . The representative achievements are the Horndeski theory [2] [3] [4] [5] as well as the degenerate higher-order theory [6] [7] [8] [9] (see Refs. [10, 11] for reviews).
However, the previous studies mostly stopped at the second order in the derivative of the scalar field 1 . This is partly because the second derivatives of the scalar field provide a "playground" of higher derivative scalar-tensor theory that is sufficiently nontrivial but not too exhausting to be studied. Although focusing on the second derivative is consistent by itself, there are at least two motivations to go beyond, as we shall explain below.
First, from the point of view of the effective field theory, operators of the same order in derivative are of the same importance and should be treated in the same footing. As an example, let us recall that L H 4 of the Horndeski theory with G 4 = X 2 takes the form
with X = − 1 2 ∇ a φ∇ a φ. Since the Riemann tensor arises from the commutator of two covariant derivatives, we may think that R ∼ O(∇ 2 ). As a result, all the three terms in the above are of O(∇ 6 ). This partly explains why these three terms arise together in the Horndeski theory. On the other hand, there are other terms that are of O(∇ 6 ) as well. Schematically, one example is ∼ X∇ a φ∇ a φ, in which the third derivative of the scalar field arises. Of course, for this particular case (i.e., L H 4 ), this term is trivial since it can be reduced to the Horndeski form by integrations by parts. Nevertheless, things become less trivial if we consider L H 5 with
where G ab is the Einstein tensor. All the terms in the above are ∼ O(∇ 8 ). There is another type of terms, schematically ∼ ∇φ∇φ∇φ∇∇φ∇∇∇φ, which are also ∼ O(∇ 8 ) and thus should be consider in the same footing. In particular, this type of terms cannot be fully reduced by integrations by parts. The second motivation comes from the study of higher derivative scalar-tensor theories, and in particular, higher curvature gravity theories that are ghostfree in the so-called unitary gauge, in which the scalar field is chosen to be spatially uniform. Perhaps in this sense the simplest example is the Chern-Simons gravity [13, 14] , which suffers from ghosts but is ghostfree in the unitary gauge. Another interesting example was introduced in [16] , which is quadratic in the Weyl tensor and is ghostfree in the unitary gauge. Some exotic parity-violating scalar-tensor theories that are healthy in the unitary gauge were identified in [15] , in which terms quadratic in the curvature tensor also arise. Although there are still debates on their behaviour in a general background [17] , such kind of theories provide us an even broader framework of higher derivative scalar-tensor theories that have many applications. Refs. [15, 16] focus on the direct couplings between the curvature and derivatives of the scalar field up to the second order. According to the same reason in the above, terms built of derivatives of the scalar field higher than the second order should also be considered. For example, terms that are quadratic in the Riemann tensor were introduced in [15, 16] , which take the schematic form
where R is a shorthand for the Riemann tensor, and there are n first derivatives of the scalar field. This type of terms is of ∼ O(∇ n+4 ). While terms in the form ∼ ∇φ · · · ∇φ n−2 ∇∇∇φ∇∇∇φ have the same order and thus should be considered as well.
From another point of view, terms with derivatives of the scalar field higher than the second order can be treated as being "complimentary" to the higher curvature terms. This is similar to case of Horndeski theory, in which the Lagrangian can be split into the "curvature sector" and the "scalar field sector", and one is complimentary to the other 2 . For example, in L H 4 , the "curvature sector" is X 2 R and the "scalar field sector" is 2X
Neither the curvature nor the scalar field sector can be tuned to be ghostfree individually. Only their linear combination can yield a ghostfree covariant Lagrangian. Then it is natural to ask what the complementary terms of (e.g.) quadratic curvature terms are, and whether their combinations can yield new ghostfree theory?
In order to answer the above questions, a systematic investigation of more general higher derivatives of the scalar field and their couplings with the curvature is required. As a first step, this paper is devoted to the classification of monomials built of derivatives of the scalar field up to the third order as well as their couplings with the curvature tensor.
The paper is organized as following. In Sec. II, we setup our formalism by explaining the necessity of including derivatives of the scalar field higher than the second order. Then we make the classification of all the monomials according to their derivatives. We then construct all the monomials for d = 1, 2, 3, 4 in Sec. III, IV, V and VI, respectively. Sec. VII concludes.
II. THE FORMALISM
A general Lagrangian that is built of a single scalar field and the Riemann tensor as well as their covariant derivatives takes the form
where the complete antisymmetric Levi-Civita tensor is
with 0123 = 1. The form of the Lagrangian can be quite arbitrary in general. In this paper we concentrate on the case that the Lagrangian is a polynomial, in which the monomials are scalar invariants that are built of the the Riemann curvature tensor, the scalar field and their covariant derivatives, with possible coefficients of the form X n , where
is the canonical kinetic term of the scalar field.
Precisely, each monomial takes the general structure 3 · · · R · · · c0 · · · ∇R · · · c1 · · · ∇∇R · · · c2 · · · · · · ∇φ · · · d1 · · · ∇∇φ · · · d2 · · · ∇∇∇φ · · · d3 · · · ∇∇∇∇φ · · · d4 · · · ,
where "· · · " denotes multiple Riemann curvature tensor (we schematically denote as R), the scalar field and their covariant derivatives. All the indices are contracted by the metric g ab and/or the complete antisymmetric tensor ε abcd . Thus, we may assign each monomial a set of integers
where • c 0 , c 1 , c 2 , · · · are numbers of Riemann curvature tensor and its first, second derivatives, etc., 4 , · · · are numbers the first, the second, the third and the fourth covariant derivatives of φ, etc..
We assume all the c n 's and d n 's are non-negative except d 1 . This is simply because we allow the monomials to be divided by some powers of X, which will be convenient in the formalism we shall develop. As an example, the term
corresponds to (2, 1, 0, · · · ; 2, 2, 1, 0, · · · ) .
We shall classify various monomials according to the order of derivatives as well as the partition of derivatives. First, the total number of derivatives of a given monomial with
which is justified by the fact that the Riemann tensor is the commutator of two covariant derivatives. That is, we will treat each Riemann tensor as order 2 in covariant derivatives, or schematically, R ∼ O(∇ 2 ). Thus a monomial corresponds to (c 0 , c 1 , c 2 , · · · ; d 1 , d 2 , d 3 , d 4 , · · · ) is of ∼ O(∇ D ) with D given in (7) . Second, one of the main points of view taken in this work is that different monomials with the same D should be treated as "of the same order". This is also important when one tries to build ghostfree combinations (polynomials) out of various scalar-tensor monomials. In fact, only polynomials that are linear combinations of monomials with the same D can be tuned to be possibly degenerate and thus ghostfree.
As a simple and illustrative example, let us recall that L H 4 of the Horndeski theory with G 4 = X 2 is given in (1). The first term of L H 4 corresponds to (c 0 , c 1 , · · · ; d 1 , d 2 , · · · ) = (1, 0, · · · ; 4, 0, · · · ) and the last two terms correspond to (c 0 , c 1 , · · · ; d 1 , d 2 , · · · ) = (0, 0, · · · ; 2, 2, · · · ). They all correspond to D = 6 and thus arise together with fine tuned coefficients to make a ghostfree polynomial.
This counting, although is applicable by itself, does not fully capture the crucial structure of the monomials as well as their combinations, which is encoded in the higher derivatives of the scalar field. In fact, the number of the first derivatives d 1 is not crucial as the first derivatives will not affect the degeneracy structure of the theory. Let us take L H 4 in (1) as an example again. Alternatively, we may think this specific Lagrangian in the form
schematically ∇∇φ → 1 ∇φ ∇∇φ, ∇∇∇φ → 1 ∇φ ∇∇∇φ, etc.. As a result, instead of using D directly, is convenient to define another number
Since d 1 completely drops out in d, from now on we may suppress d 1 and write (c 0 , c 1 , · · · ; d 2 , d 3 , · · · ). Another motivation of using d instead of D comes from the relation between the covariant scalar-tensor Lagrangian and the corresponding Lagrangian in the so-called unitary gauge. When fixing the unitary gauge, the generally covariant scalar-tensor theory can be written in terms of spatially covariant gravity theories, in which the basic building blocks are spatially covariant tensors, such as the spatial metric H ab , extrinsic curvature K ab and intrinsic curvature 3 R ab as well as their spatial and temporal derivatives. Spatially covariant theories of gravity have been proposed and studied previously with different motivations and forms, such as in the effective field theory of inflation [19, 20] , in the Hořava gravity [21, 22] , etc. Spatially covariant gravity theories with at most three degrees of freedom were extensively studied in [23] [24] [25] [26] [27] [28] [29] [30] .
One important observation is that when transferring to the unitary gauge, the number of derivatives (in the resulting spatially covariant gravity terms) is reduced by one, comparing with the original covariant derivatives of the scalar field. In fact, the correspondences of the first and the second order derivatives of the scalar field in the unitary gauge are given by 5
with
where H ab = g ab + u a u b , a a = £ u u a and K ab = 1 2 £ u H ab are the induced metric, the acceleration and the extrinsic curvature, respectively. For the third derivative of the scalar field, we find [32] 
In the above, £ u is the Lie derivative with respect to u a and D a is the projected derivative with respect to the induced metric. It is thus transparent that
in the unitary gauge, respectively. Therefore the number d can also be viewed as the total number of derivatives of the corresponding terms in the unitary gauge. Using d thus makes the connection between covariant scalar-tensor invariants and spatially covariant gravity transparent [31] .
In this work, we consider monomials with d ≤ 4. It is thus eligible to consider c n 's up to c 2 and d n 's up to d 4 . We then classify all the possible categories of a given d with different c n 's and d n 's. The results are summarized in Table  I .
(0, 0, 0; 1, 0, 1) (0, 1, 0; 1, 0, 0) (0, 0, 1; 0, 0, 0) Comments are in order.
1. We split all the categories into to cases, which we dub as the irreducible and reducible cases, respectively. Monomials belong to the reducible cases can be reduced to (the linear combinations of) monomials belonging to the irreducible cases. In the right column of Table I , there are 6 reducible categories. For examples, the category (0, 0, 0; 0, 1, 0), which corresponds to monomials that are of the schematic form ∇φ · · · ∇φ∇∇∇φ can always be reduced ∇φ · · · ∇φ∇∇∇φ ∇φ · · · ∇φ∇∇φ∇∇φ, up to total derivatives. In this sense we refer to the category (0, 0, 0; 0, 1, 0) as being reducible and schematically write (0, 0, 0; 0, 1, 0) (0, 0, 0; 2, 0, 0).
It is thus easy to verify that all the 6 categories in the right column in Table I can be reduced by integrations by parts.
2. We notice that all the irreducible categories in Table I have c 1 = c 2 = d 4 = 0. For the sake of briefness, we therefore suppress c 1 , c 2 , d 4 in their notation and thus use 3 integers to denote
in the middle column of Table I and in the rest part of this paper. Thanks to this fact, up to d = 4 we do not need to consider the fourth order derivatives of the scalar field, neither the derivatives of the Riemann tensor.
3. The necessity of including the third order derivatives of the scalar field ∇∇∇φ becomes transparent according to the Table I . On one hand, monomials with ∇∇∇φ can be of the same order as monomials with only up to the second order derivatives. For example, (0; 1, 1) ∼ (0; 3, 0) and (0; 2, 1) ∼ (0; 0, 2) ∼ (0; 4, 0). On the other hand, as has been discussed in the Introduction, monomials built of higher derivatives of the scalar field can be viewed as the complementary terms of monomials built of the Riemann tensor with direct couplings with the scalar field. For example, L H 4 shows (0; 2, 0) ∼ (1; 0, 0) and L H 5 shows (0; 3, 0) ∼ (1; 2, 0). While the fact that (0; 1, 1) ∼ (1; 1, 0) and (0; 2, 1) ∼ (0; 0, 2) ∼ (1; 2, 0) ∼ (2; 0, 0) ∼ (1; 0, 1) implies that there might be more general combinations of higher derivative terms of the scalar field and higher curvature terms that can be ghostfree. In particular, monomials that are quadratic in the curvature tensor were considered in [15, 16] , our classification indicates the terms built of higher derivatives of the scalar field may act as complementary terms such that the novel ghostfree combinations may arise.
In the rest part of this paper, we construct all the monomials for each category in the irreducible case according to Table I .
The case of d = 1 is simple and we will use it to illustrate our strategy and formalism. For d = 1, according to Table I , there is only one irreducible category (0; 1, 0), which corresponds to monomials in which the second order derivatives enter linearly. There are two monomials, which we denote to be
where in what follows we denote
for short.
There are several comments we would like to make.
1. Here and throughout this paper, we use the notation E (c0;d2,d3) n to denote monomials built of c 0 Riemann curvature tensor, d 2 second order derivatives and d 3 third order derivatives of the scalar field. Again, all the indices are contracted by the metric and/or the Levi-Civita tensor.
2. We deliberately divided the monomials by powers of σ such that the resulting monomials are dimensionless with respect to φ. This is especially convenient when one tries to construct ghostfree combinations of several monomials, in which the coefficient are purely numerical constant. cannot be further factorized. That is, they cannot be reduced by product of more than one monomials. In this sense we dub them as being "unfactorizable" (or "prime"). Throughout this paper we shall concentrate on these unfactorizable monomials.
Both monomials E
Although it is simple for d = 1, when d becomes large the number of the corresponding monomials (even the unfactorizable ones) becomes huge. It is helpful to derive a diagrammatic representation of these monomials, which is similar to that employed in the study of tensor networks (see (e.g.,) [33, 34] for reviews). For the covariant derivatives of the scalr field, we denote
where a black dot stands for the scalar field φ and each leg stands for one derivative ∇. For the Riemann tensor and the Levi-Civita tensor, we denote = = where each leg stands for one spacetime index. In this work, we do not need to consider covariant derivatives of the Riemann tensor, which may be represented by drawing more legs in the above diagram. Contraction between two indices is thus represented by connecting two legs.
According to these simple rules, the diagrammatic representations of the two monomials E Clearly, we may dub the first and the second diagrams as the "loop" and "tree" diagrams, respectively.
IV. d = 2
In this section, we derive the monomials for d = 2. We first derive the unfactorizable monomials for each category according to Table I. A. Monomials
(0; 2, 0)
For (0; 2, 0), there are 2 unfactorizable monomials, which we denote to be
In fact, for all the categories (0; n, 0) with n = 1, 2, 3, 4, there are only 2 terms that cannot be factorized. On the other hand, the products of two monomials of d = 1 also yield monomials of d = 2. In our notation, this can be explained as the decomposition (0; 2, 0) = (0; 1, 0) + (0; 1, 0) ,
,
together with 3 factorizable monomials in (27) . As a quick application, the Horndeski Lagrangian L H 4 in (1) now can be written briefly as
The diagrammatic representation of these 7 monomials are shown in Figure 2 . The upper 4 diagrams are the unfactorizable monomials in (34) , and the lower 3 diagrams are factorized monomials in (27) . Clearly, unfactorizable monomials correspond to "connect" diagrams, while factorizable monomials correspond to "disconnect" diagrams.
Note all the monomials discussed in the above are parity preserving. It is not possible to construct parity violating monomials for d = 2.
In this section, we investigate the monomials for d = 3. Again, we first derive all the monomials according to the order in Table I , then discuss the possible linear dependence among different monomials in order to derive the complete basis of monomials.
.
(40)
In total, these 10 terms are consistent with the result in [35] (see eq. (2.8)).
(0; 1, 1)
There are 5 monomials that are not factorizable
Since (0; 1, 1) = (0; 1, 0) + (0; 0, 1) ,
there are also another 2 × 3 = 6 monomials that can be factored.
There is also a single parity-violating term
which cannot be factorized. Clearly, F (0;1,1) 1
can be recast in terms of curvature tensor due to the antisymmetry of the Levi-Civita tensor and the commutator of two covariant derivatives, and thus is not an independent term. Here we show its expression for notational completeness.
(1; 1, 0)
There are 3 unfactorizable monomials
Since
there are another 2 × 2 = 4 factorizable monomials.
In the case of parity violation, there is a single term
which has also been considered in [15] (see eq.(3.12)).
B. Complete basis
By using the antisymmetry of the Levi-Civita tensor and the fact that Riemann tensor is the commutator of two covariant derivatives, we get the following linear dependence among different monomials: In the case of parity violation, we have is shown in Figure 4 . 
VI. d = 4
In this section we investigate the monomials for d = 4, which are the most involved ones in this work. There are 2 unfactorizable monomials, which are 
there are 5 + 3 × 2 + 3 + 2 × 2 = 18 monomials that can be factorized, which are
Since (0; 2, 1) = (0; 1, 0) + (0; 1, 0) + (0; 0, 1) (73) = (0; 2, 0) + (0; 0, 1) (74) = (0; 1, 0) + (0; 1, 1) ,
there are another 3 × 3 + 2 × 3 + 2 × 5 = 25 monomials that are factorizable. Here and in the rest part of this section, we do not show the explicit expressions of these factorizable monomials due to their length, which can be read straightforwardly.
There are also parity violating contractions. There are 6 unfactorizable monomials F (0;2,1) 1
In the case of parity violation, since (0; 2, 1) = (0; 1, 0) + (0; 1, 1), there are another 2 terms that are factorizable, i.e.,
or equivalently (recall eq. (56))
There are 11 unfactorizable monomials
Since (0; 0, 2) = (0; 0, 1) + (0; 0, 1) ,
there are another 3(3+1) 2 = 6 monomials that are factorizable.
In the case of parity violation, there are also 3 monomials
which are not factorizable. There is no factorizable monomials with parity violating, since although (0; 0, 2) ∼ (0; 0, 1) + (0; 0, 1), there is no parity violating monomials of (0; 0, 1). 
Since 
there are another 2×2+2×3+3×2 = 16 factorizable monomials, of which the expressions can be read straightforwardly.
In the case of parity violation, there are 8 unfactorizable monomials
Some of these monomials were considered in [15] (see eq. (3.13)). Since (1; 2, 0) = (1; 1, 0) + (0; 1, 0), there are 2 monomials that are factorizable.
Since (2; 0, 0) = (1; 0, 0) + (1; 0, 0) ,
there are another 2(2+1) 2 = 3 factorizable monomials. In the case of parity violation, there are 5 unfactorizable monomials
there are another 2 × 3 = 6 factorizable monomials. In the case of parity violation, there are 6 unfactorizable monomials F (1;0,1) 1
F (1;0,1) 5
There is no factorizable monomial with (1; 0, 1) since although (1; 0, 1) = (1; 0, 0) + (0; 0, 1), there is no parity violating monomial with neither (1; 0, 0) nor (0; 0, 1).
B. Complete basis
We are now ready to derive the complete basis for the monomials with d = 4. First we have to suppress those monomials that are not linearly independent after taking into account the antisymmetry of Levi-Civita tensor as well as the fact that Riemann tensor is the commutator of two covariant derivatives. After some manipulations, we find the following linear dependences among various monomials
In the case of parity violation, we have the following linear dependence among various monomials
and F (1;0,1) 1
F (1;0,1) 3 
together with 2+2 = 4 factorizable monomials. The diagrammatic representations of the 15 unfactorizable monomials are shown in Figure 6 . 
VII. CONCLUSION
In this work, we investigated the necessity and possibility of extending the scalar-tensor theory by including the third or even higher order derivatives of the scalar field as well as more general couplings among the curvature and higher derivatives of the scalar field. Ghostfree higher curvature terms have been studied in the literature [15, 16] . From the point of view of the effective field theory, the third or even higher order covariant derivatives of the scalar field are of the same order as higher curvature terms. Thus a full investigation of all possible monomials built of both higher order curvature terms and derivatives of the scalar field is necessary.
As being described in Sec. II in details, we assign each monomial with a set of integers (c 0 , c 1 , · · · ; d 2 , d 3 , · · · ), which are the numbers of different orders of derivatives of the Riemann tensor and of the scalar fields, respectively. The hierarchy of monomials is made according to the integer d defined in (8) . For each d, we also classify monomials into different categories according to the integers (c 0 , c 1 , · · · ; d 2 , d 3 , · · · ) of higher derivatives of the Riemann tensor and the scalar field. This classification is summarized in Table I , which is one of the main results in this work. We argue that all monomials with the same value of d are of the same order and thus should be treated in the same footing. This not only explains the natural arising of derivatives of the scalar field beyond the second order, but also indicates that novel ghost-free Lagrangians may exist by combining higher curvature terms and higher derivatives of the scalar field [31] .
In Sections III-VI, we made a systematic and complete investigation of all the monomials for d = 1, 2, 3, 4. We concentrated on the unfactorizable monomials in the irreducible cases, and derive their explicit expressions for each category (c 0 ; d 2 , d 3 ). Both parity preserving and parity violating cases are discussed. The main results in this work are the complete basis for the monomials with d = 2, 3, 4 present at the end of each section. Due to the complexity and large amount of monomials, we also developed a diagrammatic representation of the monomials, which may help us to construct and classify terms in a transparent manner. The diagrammatic representations of the unfactorizable monomials in the complete basis are present at the end of each section.
The results derived in this work will be the starting point of exploring more general viable higher derivative scalartensor theories, which we will present in the near future.
